Problem 1. Let f:{—1,1}" — R. For each of the following functions g : {—1,1}"" — R, give
an expression for the Fourier coefficients of g (i.e., g(S) where S C [m]) in terms of the Fourier
coefficients of f.

(a) g:{~1,1}" — R defined by g(z) = 3(f(z) — f(~2))

(b {-1,1}""! — R defined by g(z1,...,2n_1) = f(21,...,2n_1,1)
(c {-1 1]’”“ — R defined by g(z1,...,2n11) = f(21,.. -vwn)HTnH
(d
{~1,1}?>" — R defined by g(z1,...,72,) = f(21, ..., Tn)f(Tni1,. .., Ton)
(

{~1,1}"2 — R (for even n) defined by g(z1,... s Tny2) = f(T1, 01,22, T, . ., Ty 2, Ty 2)

(

(§

) g:
) g
) g:{—1,1}>" — R defined by g(z1,...,22,) = f(21,. .., Zn) + f(Zns1,- .., T2n)
) g:
f) g:
) g:

(g {—1,1}?" — R defined by g(z1,...,72,) = f(x172, 324, . .., Ton_1T2n)
Problem 2. Let f:F3 — Fy. Prove that degp, (f) < deg(f), where deg, (f) denotes the degree
of f as an Fo-polynomial and deg(f) (as usual) is the degree of f as a real multilinear polynomial

{=1,1}" — {=1,1} (i.e., the maximum |S| such that f(S) # 0).
Problem 3. The Walsh-Hadamard matrices Hon are defined recursively by

H2n Hgn :|

Hl - [ 1 ]7 H2"+1 = |: HQn —HQH

Note that Han is a symmetric 2™-by-2" matrix. Instead of indexing columns and rows by integers
in {0,...,2" — 1}, we use elements z € F (corresponding to column index S 207 ;) and sets
S C [n] (correspond to row index Y 1 ;207 1,c0).

(a) Show that the (S, x)-entry of Han equals xs(x).
(b) For any f :F} — R, show that its Fourier transform f: Fy — R is given by
2" Honf = .

(c) Show how to compute Hon f using just n2" additions and subtractions (rather than 227 as
the usual matrix-vector algorithm would require). This computation is called the Fast Walsh-
Hadamard Transform.

(d) Using part (b) show that f: 27" f, that is, the Fourier transform is an involution up to the
constant factor 27",



Problem 4. For Boolean functions f, g : F§ — Fa, recall that dist(f,g) = Px[f(x) # g(z)] and
that (f,g) = 1 — 2dist(f, g).

(a) Let f:Fy — Fo and suppose dist(f, xs) = d. Show that |f(T")| <26 for all T # S.

Hint: Use the fact that P[f(z) = xr(x)] < P[f(z) # xs(z)] + P[xs(z) = xr(x)].

(b) Again assume dist(f, xs) = 0. Show that the Blum-Luby-Rosenfeld Linearity Test rejects f
with probability at least 36 — O(8?), that is,

x7y

(c) Show that this bound cannot be improved to ¢§ — O(6%) for any ¢ > 3.

Problem 5. For a function f : {—1,1}" — R, its fractional sparsity and Fourier sparsity are
defined by

= P 0
Iflo=_ B [f@)#0],
[ fllo = [{S C [n] : £(S) # 0}].
In this problem, you will prove the uncertainty principle: If f is not identically 0, then HfHoHJ/”\Ho > 1.

1 ifz=a,
(a) First prove this for point functions f(z) = 1=, = n C‘L
0 otherwise.

(b) For b € {—1,1}, let f, : {~1,1}""! — R be the restrictions of f to the (n — 1)-subcube
given by x, = b. Prove that || f_1|lo + || f1llo = || f]lo. Conclude that || fpllo < || f]lo/2 for some
be{-1,1}.

(c) Prove that || fyllo < [|f]lo for b€ {—1,1}.

(d) Complete the proof.



