
COMPSCI/MATH 590: Boolean Analysis
Problem Set 1, due Tuesday Sep 28 by start of lecture

You may work in pairs or groups, but must write up solutions on your own and list all collaborators
on each individual problem. Problem sets may be turned in during lecture, or emailed to me
br148@cs.duke.edu by 3:30pm.

Problem 1. Let f : {�1, 1}n �! R. For each of the following functions g : {�1, 1}m �! R, give
an expression for the Fourier coe�cients of g (i.e., bg(S) where S ✓ [m]) in terms of the Fourier
coe�cients of f .

(a) g : {�1, 1}n �! R defined by g(x) = 1
2(f(x)� f(�x))

(b) g : {�1, 1}n�1 �! R defined by g(x1, . . . , xn�1) = f(x1, . . . , xn�1, 1)

(c) g : {�1, 1}n+1 �! R defined by g(x1, . . . , xn+1) = f(x1, . . . , xn)
1�xn+1
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(d) g : {�1, 1}2n �! R defined by g(x1, . . . , x2n) = f(x1, . . . , xn) + f(xn+1, . . . , x2n)

(e) g : {�1, 1}2n �! R defined by g(x1, . . . , x2n) = f(x1, . . . , xn)f(xn+1, . . . , x2n)

(f) g : {�1, 1}n/2 �! R (for even n) defined by g(x1, . . . , xn/2) = f(x1, x1, x2, x2, . . . , xn/2, xn/2)

(g) g : {�1, 1}2n �! R defined by g(x1, . . . , x2n) = f(x1x2, x3x4, . . . , x2n�1x2n)

Problem 2. Let f : Fn
2 �! F2. Prove that degF2

(f)  deg(f), where degF2
(f) denotes the degree

of f as an F2-polynomial and deg(f) (as usual) is the degree of f as a real multilinear polynomial
{�1, 1}n �! {�1, 1} (i.e., the maximum |S| such that bf(S) 6= 0).

Problem 3. The Walsh-Hadamard matrices H2n are defined recursively by

H1 =
⇥
1
⇤
, H2n+1 =


H2n H2n

H2n �H2n

�

Note that H2n is a symmetric 2n-by-2n matrix. Instead of indexing columns and rows by integers
in {0, . . . , 2n � 1}, we use elements x 2 Fn

2 (corresponding to column index
Pn

i=1 2
i�1xi) and sets

S ✓ [n] (correspond to row index
Pn

i=1 2
i�11i2S).

(a) Show that the (S, x)-entry of H2n equals �S(x).

(b) For any f : Fn
2 �! R, show that its Fourier transform bf : Fn

2 �! R is given by

2�nH2nf = bf.

(c) Show how to compute H2nf using just n2n additions and subtractions (rather than 22n as
the usual matrix-vector algorithm would require). This computation is called the Fast Walsh-

Hadamard Transform.

(d) Using part (b) show that
bbf = 2�nf , that is, the Fourier transform is an involution up to the

constant factor 2�n.
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Problem 4. For Boolean functions f, g : Fn
2 �! F2, recall that dist(f, g) = Px[f(x) 6= g(x)] and

that hf, gi = 1� 2dist(f, g).

(a) Let f : Fn
2 �! F2 and suppose dist(f,�S) = �. Show that | bf(T )|  2� for all T 6= S.

Hint: Use the fact that P[f(x) = �T (x)]  P[f(x) 6= �S(x)] + P[�S(x) = �T (x)].

(b) Again assume dist(f,�S) = �. Show that the Blum-Luby-Rosenfeld Linearity Test rejects f
with probability at least 3� �O(�2), that is,

P
x,y

[f(x) +F2 f(y) 6= f(x+F2 y)] � 3� �O(�2).

(c) Show that this bound cannot be improved to c� �O(�2) for any c > 3.

Problem 5. For a function f : {�1, 1}n �! R, its fractional sparsity and Fourier sparsity are
defined by

kfk0 = P
x2{�1,1}n

[ f(x) 6= 0 ],

k bfk0 = |{S ✓ [n] : bf(S) 6= 0}|.

In this problem, you will prove the uncertainty principle: If f is not identically 0, then kfk0k bfk0 � 1.

(a) First prove this for point functions f(x) = 1x=a =

(
1 if x = a,

0 otherwise.

(b) For b 2 {�1, 1}, let fb : {�1, 1}n�1 �! R be the restrictions of f to the (n � 1)-subcube
given by xn = b. Prove that kf�1k0 + kf1k0 = kfk0. Conclude that kfbk0  kfk0/2 for some
b 2 {�1, 1}.

(c) Prove that kbfbk0  k bfk0 for b 2 {�1, 1}.

(d) Complete the proof.
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